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0HFKDQLFDO EHKDYLRXU DQG PDWHULDO SURSHUWLHV RI HQJLQHHULQJ FHUDPLF
PDWHULDOVDUHDIIHFWHGE\WKHPRUSKRORJLHVPLFURVWUXFWXUHVDQGWKHVWDWHRI
WKH UHVLGXDO VWUHVV7RXQGHUVWDQG WKHSURSHUWLHVRI WKHVHPDWHULDOV VHYHUDO
WRROVDUHXVHGLQWKLVWKHVLVWRVWXG\WKHVHDVSHFWV,QWKLVFKDSWHUSURFHVVHV
RI IRUPLQJ FRQVROLGDWLQJ DQG GHQVLI\LQJ WKH PDWHULDOV ZLOO EH GLVFXVVHG
)XUWKHU WKH YDULRXV H[SHULPHQWDO PHWKRGV ZKLFK DUH XVHG WR VWXG\ WKH
PDWHULDOV WRJHWKHU ZLWK WKHLU WKHRUHWLFDO EDFNJURXQGV ZLOO EH FRQVLGHUHG
7KLV SURYLGHV D ZD\ WR HYDOXDWH WKHLU DGYDQWDJHV DQG WR GHWHUPLQH WKH
H[SHULPHQWDOFRQVWUDLQWV
 &RPSRVLWHFHUDPLFV
7KHPDQXIDFWXULQJ SURFHVV RI EXON FHUDPLF SURGXFWV VWDUWVZLWK SUHFXUVRU
SRZGHUV 7KHVH SRZGHUV PD\ H[LVW RI DJJORPHUDWHV RI JUDLQV ZKLFK DUH
VKDSHG DQG FRPSDFWHG LQWR WKH IRUP GHVLUHG ,Q D ILULQJ SURFHVV GXULQJ
ZKLFKWKHJUHHQSURGXFWVDUHVXEMHFWHGWRHOHYDWHGWHPSHUDWXUHVLHDWDERXW
RIWKHPHOWLQJWHPSHUDWXUHRIWKHPDWHULDOWKHFRPSDFWHGSRZGHUVDUH
GHQVLILHG DQG WRXJKHQHG ’XULQJ WKH ILULQJ SURFHVV ERQGV DUH IRUPHG
EHWZHHQPXWXDOSDUWLFOHV%HFDXVHRIWKHUHGXFWLRQLQSRUHYROXPHEHWZHHQ
WKHSDUWLFOHVJOREDOVKULQNDJHRIWKHVSHFLPHQZLOORFFXU
7KHPDWHULDO RI LQWHUHVW LQ WKLV WKHVLV LV D FRPSRVLWH FHUDPLF 7KLV FODVV RI
FHUDPLFPDWHULDOV FRQVLVWV RI D FHUDPLFPDWUL[ LQZKLFK D VHFRQGSKDVH LV
GLVSHUVHG7KHV\VWHPRILQWHUHVWKHUHLVDQDOXPLQD$O2PDWUL[LQZKLFK
DVHFRQGSKDVH]LUFRQLD=U2LVSUHVHQW7KHSUHVHQFHRI=U2LQWKHPDWUL[
PD\ LQIOXHQFH WKH PDWHULDO SURSHUWLHV RI WKH DOXPLQD PDWUL[ HJ WKH
WRXJKQHVVRIWKHDOXPLQDPDWUL[LQFUHDVHVDQGDQLQFUHDVHLQZHDUUHVLVWDQFH
LVREVHUYHG>@
7KH DGGLWLRQ RI D VHFRQG SKDVH PD\ KDYH VHYHUDO LPSDFWV RQ WKH
GHQVLILFDWLRQ EHKDYLRXU RI WKH JUHHQ SURGXFW GXULQJ WKH VLQWHULQJ SURFHVV
7KHVHFRQGSKDVHPD\LQIOXHQFHWKHGHQVLILFDWLRQRIWKHPDWUL[LQDSRVLWLYH
RULQDQHJDWLYHVHQVH)XUWKHUPRUHDVHFRQGSKDVHLVNQRZQWRFRQWUROWKH






WHFKQLTXH ,Q RUGHU WR HOLPLQDWH YHU\ ODUJH DJJORPHUDWHV WKH SRZGHU LV
VLHYHG7RIXUWKHUGU\WKHSRZGHUDKRWDLUIXUQDFHLVXVHG$PLFURJUDSKRI
WKHUHVXOWLQJWZRSKDVHSRZGHULVGLVSOD\HGLQILJXUH
,Q WKH PLFURJUDSK WKH KRPRJHQHRXV PL[LQJ RI ERWK SRZGHUV LV HYLGHQW
)URPWKHSRZGHUWKHSURGXFWVDUHIRUPHGXVLQJDXQLD[LDOO\SUHVVLQJGHYLFH
7KLVUHVXOWVLQFLUFXODUSHOOHWV7KHVSHFLPHQVKDYHDQDVSHFWUDWLRWKDWLVWKH
UDWLR RI WKH GLDPHWHU WR WKH KHLJKW RI a 7KLV DVSHFW UDWLR LV RI FRXUVH D









ILJXUH 6FDQQLQJ HOHFWURQ PLFURVFRSH PLFURJUDSK RI WKH WZRSKDVH SUHFXUVRU 7KH
DYHUDJHSDUWLFOHVL]HDVGHWHUPLQHGIURPWKHPLFURJUDSKLVaµP
ORZ KHDWLQJ UDWH LV XVHG LQ RUGHU WR SUHYHQW WHPSHUDWXUH JUDGLHQWV LQ WKH
VSHFLPHQGXH WR WKH ILQLWH WKHUPDO FRQGXFWLRQFRHIILFLHQWVRI WKH VSHFLPHQ
$W WKH VLQWHULQJ WHPSHUDWXUH WKH WHPSHUDWXUH LV NHSW FRQVWDQW IRU D JLYHQ
SHULRGRIWLPH’XULQJWKLVSHULRGDOONLQGVRIGLIIXVLRQSURFHVVHVWDNHSODFH
E\ZKLFK GHQVLILFDWLRQ RFFXUV$IWHU WKH VLQWHULQJ SURFHVV WKH VSHFLPHQ LV
FRROHGGRZQDJDLQXVLQJDVPDOOWHPSHUDWXUHJUDGLHQW
,Q IDFW WKH WZROD\HU FHUDPLFPDWHULDOV DV VFKHPDWLFDOO\GHSLFWHG LQ ILJXUH
FDQEHSURGXFHGIROORZLQJWZRDOWHUQDWLYHURXWHV7KHILUVWPHWKRGLVWR
FRPSDFWDQGSUHVLQWHUWKHVHSDUDWHOD\HUV,QWKHSUHVLQWHULQJSURFHVVRQO\
D OLPLWHG DPRXQW RI GHQVLILFDWLRQ LV DFKLHYHG 6XEVHTXHQWO\ WKH OD\HUV DUH
SODFHG RQ WRS RI HDFK RWKHU DQG VLQWHUHG WR IXOO GHQVLW\ %RQGLQJ RI WKH
VHSDUDWHOD\HUVRYHUWKHLQWHUIDFHLVDFKLHYHGE\GLIIXVLRQSURFHVVHVEHWZHHQ
WKHOD\HUV
$Q DOWHUQDWLYH URXWH WR DFKLHYH WZROD\HU FHUDPLF PDWHULDOV H[LVWV RI
SURFHVVLQJ WKH OD\HUV VLPXOWDQHRXVO\ 7KH ORZHU OD\HU LV IRUPHG E\
FRPSDFWLQJ WKH SRZGHU LQ D XQLD[LDOO\ SUHVVLQJ GHYLFH 6XEVHTXHQWO\ WKH
XSSHUOD\HUSRZGHULVSODFHGRQWRSRIWKHFRPSDFWHGORZHUOD\HUDQGERWK
OD\HUVDUHSUHVVHGVLPXOWDQHRXVO\7KHJUHHQSURGXFWIRUPHGLVWKHQVLQWHUHG
WR IXOO GHQVLW\ LQ WKH ILULQJ SURFHVV )RUPLQJ WZROD\HU FHUDPLF XVLQJ













WKH VROV DUH SURGXFHG VWDUWLQJ IURP DONR[LGHV DV WKH SUHFXUVRU $ VRO LV D
FROORLG RI VROLG SDUWLFOHV LQ D OLTXLG &ROORLGV DUH YHU\ VPDOO a QP
SDUWLFOHV H[SHULHQFLQJ QR RWKHU IRUFHV WKDQ 9DQ GHU :DDOV DWWUDFWLRQ DQG
VXUIDFHFKDUJHVIRUFHV&OXVWHULQJRILQGLYLGXDOFROORLGVLVFDOOHGDJJUHJDWLRQ
$ JHO LV DQ LQWHUFRQQHFWHG ULJLG QHWZRUN ZLWK SRUHV RI QDQRPHWHU
GLPHQVLRQV DQG SRO\PHULF FKDLQV ZKRVH DYHUDJH OHQJWK LV JUHDWHU WKDQ D
PLFURPHWHU$WWKHWLPHRIJHODWLRQWKHVWUXFWXUHRIWKHJHOLVHVWDEOLVKHGDQG
FDQDGRSWVHYHUDOIRUPVOLNHZHOORUGHUHGODPHOODUVWUXFWXUHVDVLVWKHFDVH
IRU VLOLFD JHOV RU D GLVRUGHUHG SRO\PHU QHWZRUN OLNH WKH JHODWLRQ RI
RUJDQRPHWDOOLFSUHFXUVRUV
7RGHULYHDVROIURPDSUHFXUVRUWKHSUHFXUVRULVK\GURO\VHG7KLVZLOOUHVXOW






7KH VLOLFD QHWZRUN HYROYHV IURP WKH SRO\PHULVDWLRQ RI WKH 6L2+
PRQRPHUV :KHQ VXIILFLHQW  6L  2  6L  ERQGV DUH IRUPHG WKH\ UHVSRQG
FROOHFWLYHO\ DV FROORLGDO SDUWLFOHV LH D JHO LV IRUPHG %RWK K\GURO\VLV DQG
FRQGHQVDWLRQUHDFWLRQVDUHS+FRQWUROOHGDVVFKHPDWLFDOO\GHSLFWHGLQILJXUH
$W ORZS+YDOXHVWKHFRQGHQVDWLRQUHDFWLRQVDUHVORZFRPSDUHGWRWKH





PRQRFU\VWDOOLQH VLOLFRQ SRO\FU\VWDOOLQH DOXPLQD RU TXDUW] ’HSRVLWLRQPD\
WDNHSODFHE\PHDQVRIVSLQRUGLSFRDWLQJ>@ ,QWKHODWWHU WKHVXEVWUDWH LV
LPPHUVHG LQ WKH OLTXLG DV GHSLFWHG LQ ILJXUH D $IWHU LPPHUVLRQ WKH
FRDWHG VSHFLPHQ LV WDNHQ RXW RI WKH IOXLG DQG GXH WR WKH HYDSRUDWLRQ RI
YRODWLOHV JHODWLRQ VWDUWV LQ WKH FRDWLQJ’LS FRDWLQJ LV HVSHFLDOO\ RI LQWHUHVW
ZKHQDFRQWLQXRXVFRDWLQJSURFHVVLVUHTXLUHG
6SLQFRDWLQJ LVDEDWFKSURFHVVVFKHPDWLFDOO\GHSLFWHG LQ ILJXUHE6LQFH
DOO FRDWLQJV VWXGLHG LQ WKLV WKHVLV DUH SURGXFHG XVLQJ WKH VSLQ FRDWLQJ
WHFKQLTXH WKLV SURFHVV ZLOO EH GLVFXVVHG LQ PRUH GHWDLO 6SLQ FRDWLQJ LV D
WHFKQLTXH ZKHUH LQ WKH ILUVW VWDJH RI WKH SURFHVV DQ H[FHVV RI OLTXLG LV
GLVSHQVHGRQWKHVXEVWUDWH
7KHQH[WVWDJHLVWKHVSLQXSVWDJHLQZKLFKWKHFHQWULIXJDOIRUFHGULYHVWKH
OLTXLG UDGLDOO\RXWZDUG’XULQJ WKH IRUPDWLRQRI WKH OD\HU FRQGHQVDWLRQ LV
VWLPXODWHG E\ DQ LQFUHDVH RI WKH FRQFHQWUDWLRQ RI K\GURO\VHG VSHFLHV E\













ILJXUH 7KHUHDFWLRQ UDWH IRU WKHK\GURO\VLVDQGFRQGHQVDWLRQ UHDFWLRQV LQ WKHVROJHO
SURFHVV DV D IXQFWLRQ RI WKH S+YDOXH RI WKH VROXWLRQ$W ORZS+YDOXHV WKH FRQGHQVDWLRQ





































ZLWK KW WKH WLPHGHSHQGHQW ILOP WKLFNQHVVω WKH DQJXODU YHORFLW\ GXULQJ
VSLQQLQJρ WKHGHQVLW\RIWKHOLTXLGη WKHYLVFRVLW\RIWKHOLTXLGDQGK WKH
LQLWLDO WKLFNQHVV RI WKH ILOP 7KH WKLFNQHVV RI WKH ILOPV LV JRYHUQHG E\
HYDSRUDWLRQSURFHVVHV1RQYRODWLOHV FDQRQO\ OHDYHE\ IORZDQGZKHQ WKLV
EHFRPHV LPSRVVLEOH WKH\ FRQVWLWXWH WKH ILQDO ILOP DIWHU WKH YRODWLOHV KDYH




WUHDWPHQW ’XULQJ IXUQDFH GHQVLILFDWLRQ WKH VDPSOH LV SODFHG LQ D IXUQDFH






+HUH[ LV WKHGLDPHWHU , WKH LQWHQVLW\RI WKH ODVHUEHDPDQGY LWV VFDQQLQJ
YHORFLW\
7KH GHQVLILFDWLRQ RI VROJHO OD\HUV WDNHV SODFH E\ PDVV WUDQVSRUW IURP
SDUWLFOHV WR WKH LQWHUFRQQHFWLQJ SRLQWV EHWZHHQ WKHVH SDUWLFOHV KHUHE\
UHGXFLQJWRWDOSRURVLW\7KHPDVVWUDQVSRUWPD\WDNHSODFHWKURXJKGLIIXVLRQ
SURFHVVHVRUYLVFRXVIORZ7KHGULYLQJIRUFHUHVXOWVIURPPLQLPLVDWLRQRIWKH
VXUIDFH HQHUJ\ 7KUHH VWDJHV FDQ EH GLVWLQJXLVKHG LQ WKH GHQVLILFDWLRQ
SURFHVV
,Q ILJXUH  WKHPHFKDQLVPV FRQWULEXWLQJ WRGHQVLILFDWLRQDUHGLVSOD\HGDV
ZHOO DV FKDQJHV LQ PRUSKRORJ\ DW YDULRXV VWDJHV 7KH ILUVW VWDJH LV QHFN
%$6,&&21&(376 
IRUPDWLRQEHWZHHQDWWUDFWLQJSDUWLFOHV7KHGRPLQDQWWUDQVSRUWPHFKDQLVPV
DUH VXUIDFH DQG ODWWLFH GLIIXVLRQ DQG YDSRXU WUDQVSRUW DOO RI ZKLFK DUH
WUDQVSRUWLQJ PDVV IURP WKH VXUIDFH RI WKH SDUWLFOHV WR WKH LQWHUFRQQHFWLQJ
QHFN
,Q WKH LQWHUPHGLDWH VWDJH D JUDLQ ERXQGDU\ LV IRUPHG EHWZHHQ FU\VWDOOLQH
SDUWLFOHV:LWKWKHJUDLQERXQGDU\DJUDLQERXQGDU\HQHUJ\γJELVDVVRFLDWHG
GHWHUPLQLQJWKHVKDSHRIWKHSRUHV0DVVWUDQVSRUWWDNHVSODFHE\ODWWLFHDQG
ERXQGDU\ GLIIXVLRQ WUDQVSRUWLQJ PDVV IURP WKH JUDLQ ERXQGDU\ WR WKH
LQWHUFRQQHFWLQJQHFN,QWKLVVWDJHSURQRXQFHGGHQVLILFDWLRQLVREVHUYHGGXH
WRPDWHULDO UHPRYDOEHWZHHQSDUWLFOH FHQWHUV FDXVLQJ WKHGLVWDQFHEHWZHHQ
FHQWHUVWRGHFUHDVH












4: grain boundary diffusion
5: lattice diffusion
from the boundary
ILJXUH ’HQVLILFDWLRQPHFKDQLVPV LQ WKHVLQWHUSURFHVV)URPWKH OLVWHGPHFKDQLVPV
RQO\ODWWLFHDQGJUDLQERXQGDU\GLIIXVLRQEULQJDERXWGHQVLILFDWLRQ
 /RZYROWDJHVFDQQLQJHOHFWURQPLFURVFRS\






ZLWK (H9 WKH HQHUJ\ RI WKH HOHFWURQV LQ HOHFWURQYROWV GHSHQGLQJ RQ WKH
DFFHOHUDWLQJ YROWDJH 7KLV ZDYHOHQJWK LV VLJQLILFDQWO\ VPDOOHU WKDQ WKH
ZDYHOHQJWK RI YLVLEOH OLJKW 7KHUHIRUH WKH UHVROYLQJ SRZHU RI D VFDQQLQJ
HOHFWURQPLFURVFRSHFDQEHPXFKODUJHUWKDQWKDWRIDOLJKWPLFURVFRSH



























D YHU\ KLJK HOHFWURVWDWLF ILHOG LQ WKH RUGHU RI  9P DW WKH VXUIDFH




RI DURXQG  QP LQ GLDPHWHU 7KH EHDP VFDQV WKH VXUIDFH E\ PHDQV RI
GHIOHFWLQJFRLOV$VWKHSULPDU\HOHFWURQVHQWHUWKHVXUIDFHVHYHUDOSURFHVVHV




HOHFWURQV DOVR FDOOHG VHFRQGDU\ HOHFWURQV DUH ORZHQHUJ\ HOHFWURQV’XH WR
WKHORZHQHUJ\WKH\KDYHVKRUWPHDQIUHHSDWKVRIWKHRUGHURIQDQRPHWHUV
7KHUHIRUH RQO\ VHFRQGDU\ HOHFWURQV FRPLQJ IURP WKH SRLQW RI LQFLGHQFH RI
WKHSULPDU\EHDPFDQEHGHWHFWHGE\ WKHGHWHFWRUPDNLQJ WKHVHVHFRQGDU\





















3ULPDU\ HOHFWURQV ZKLFK HQWHU WKH VSHFLPHQ DUH VFDWWHUHG HODVWLFDOO\ RU
LQHODVWLFDOO\ E\ WKH DWRPV QHDU WKH VXUIDFH OD\HU 7KLV FDQ FDXVH SULPDU\
HOHFWURQVWRH[LWWKHVSHFLPHQLHEDFNVFDWWHULQJDIWHUWUDYHOOLQJWKURXJKWKH
VSHFLPHQ 6LQFH WKH PDWHULDO YROXPH LQ ZKLFK WKH HOHFWURQV DUH
EDFNVFDWWHUHG FDQ EH PXFK ODUJHU WKDQ IRU WKH VHFRQGDU\ HOHFWURQV WKH




WKH PDWHULDO :KHQ VWXG\LQJ FRQGXFWLQJ PDWHULDOV WKH HOHFWURQV ZLOO EH
WUDQVSRUWHG DZD\ IURP WKH SRLQW RI LQFLGHQFH ,I WKH VSHFLPHQ LV D
QRQFRQGXFWLQJ PDWHULDO WKH H[FHVV HOHFWURQV ZLOO FDXVH FKDUJLQJ RI WKH
VXUIDFH 7KH HOHFWURVWDWLF FKDUJH RQ WKH VXUIDFH GHIOHFWV WKH LQFRPLQJ
HOHFWURQV JLYLQJ ULVH WR GLVWRUWLRQ RI WKH LPDJH ,Q RUGHU WR UHGXFH VXUIDFH
FKDUJLQJ HIIHFWV D FRQGXFWLQJ OD\HU RI PHWDO ZLWK W\SLFDO WKLFNQHVVHV
QPFDQEHVSXWWHUHGRQWRWKHVXUIDFH7KLVOD\HUZLOOWUDQVSRUWWKHH[FHVV
HOHFWURQV UHGXFLQJ WKH QHJDWLYH FKDUJLQJ HIIHFWV $ QHJDWLYH HIIHFW RI WKH
VSXWWHUHG OD\HUV LV WKDW LW PD\ GLPLQLVK WKH UHVROYLQJ SRZHU RI WKH
PLFURVFRSH VLQFH WRSRJUDSKLFDO LQIRUPDWLRQ LV QR ORQJHU JDLQHG IURP WKH
VXUIDFHRIWKHPDWHULDOEXWIURPWKHVSXWWHUHGOD\HU
$QRWKHU ZD\ WRPLQLPLVH FKDUJLQJ HIIHFWV LV WR EDODQFH WKH LQFRPLQJ DQG
HPLWWHG HOHFWURQ FXUUHQW 7KH VHFRQGDU\ HOHFWURQ \LHOG δ LV GHILQHG DV WKH
QXPEHU RI VHFRQGDU\ HOHFWURQV HPLWWHG SHU LQFLGHQW SULPDU\ HOHFWURQ




)URP WKH JUDSK LW LV FOHDU WKDW ZKHQ WKH HQHUJ\ RI WKH LQFLGHQW EHDP LV
VPDOOHUWKDQ(WKHWRWDOVHFRQGDU\HOHFWURQ\LHOGLVVPDOOHUWKDQUHVXOWLQJ
LQ QHJDWLYH FKDUJLQJ RI WKH VXUIDFH $V D FRQVHTXHQFH RI WKH QHJDWLYH
FKDUJLQJHIIHFWWKHLPDJHZLOOWXUQZKLWH,I(<(<(WKHQδη!UHVXOWLQJLQ
SRVLWLYH FKDUJLQJ RI WKH VXUIDFH 7KH LPDJH ZLOO WXUQ ZKLWH 7R PLQLPLVH
FKDUJLQJHIIHFWVWKHHQHUJ\RIWKHSULPDU\EHDPVKRXOGEHFKRVHQHTXDOWR



































7KH EURDGHQLQJ RI WKH VSRW VL]H LV WKH VXP RI EURDGHQLQJ GXH WR VHYHUDO
SURFHVVHV7KH ILUVW FRQWULEXWRU LV WKHEHDP LWVHOI% LV WKHEULJKWQHVVRI WKH
VRXUFH L LV WKHEHDPFXUUHQWDQGα LWVGLYHUJHQFHDQJOH7KHVHFRQGSDUW LV
WKH FRQWULEXWLRQ GXH WR GLIIUDFWLRQ RI WKH HOHFWURQV RIZDYHOHQJWK λ E\ WKH
VL]H RI WKH ILQDO DSHUWXUH 7KH ODVW WZRSDUWV DUH WKH EURDGHQLQJ FDXVHGE\
FKURPDWLF DQG VSKHULFDO DEHUUDWLRQV ,Q RUGHU WR DFKLHYH WKH VPDOOHVW VSRW







ILJXUH 6HFRQGDU\ HOHFWURQ \LHOG DV D IXQFWLRQ RI DFFHOHUDWLQJ YROWDJH $GMXVWLQJ WKH
HQHUJ\ RI WKH SULPDU\ HOHFWURQV UHVXOWV LQ D \LHOG ODUJHU RU VPDOOHU WKDQ XQLW\ DQG KHQFH
SRVLWLYHRUQHJDWLYHFKDUJLQJRIWKHVSHFLPHQ
DFFHOHUDWLQJ YROWDJHZLOO QRW RQO\ FDXVH WKHZDYHOHQJWK RI WKH HOHFWURQV WR
LQFUHDVH EXW DOVR WKH FKURPDWLF DEHUUDWLRQ LQFUHDVHV DV ZHOO UHVXOWLQJ LQ










6LPLODU WR YLVLEOH OLJKW [UD\V DUH GLIIUDFWHG E\ D JUDWLQJ >@ 2QH RI WKH
UHTXLUHPHQWVIRUWKHGLIIUDFWLRQRI[UD\VDQGIRUYLVLEOHOLJKWDVZHOOLVWKDW
WKHZDYHOHQJWKRIWKHXVHGUDGLDWLRQLVRIWKHVDPHRUGHURIPDJQLWXGHDVWKH




Qλ = G VLQθ
,QWKLVHTXDWLRQλUHSUHVHQWVWKHZDYHOHQJWKRIWKH[UDGLDWLRQXVHGGLVWKH
GLVWDQFH EHWZHHQ WKH ODWWLFH SODQHV RI WKH FU\VWDO DQG θ LV WKH GLIIUDFWLRQ
DQJOH %\ XVLQJ PRQRFKURPDWLF [UD\V RI NQRZQ ZDYHOHQJWK λ DQG
PHDVXULQJWKHGLIIUDFWLRQDQJOHθWKHODWWLFHVSDFLQJGKNORIYDULRXVSODQHVLQ
WKH FU\VWDO FDQ EH GHWHUPLQHG 6LQFH SODQHV LQ FU\VWDOV GHVFULEHG E\ WKH
0LOOHU LQGLFHV ^KNO‘ DOO KDYH GLIIHUHQW LQWHUODWWLFH VSDFLQJV WKH\ DOVR KDYH
GLIIHUHQW GLIIUDFWLRQ DQJOHV 3HUIRUPLQJ DQ DQJXODU VFDQ IRU DOO DQJOHV θ
WKHUHIRUHGHOLYHUVDVHWRIGLIIUDFWLRQDQJOHVZKLFKLVXQLTXHIRUWKHPDWHULDO




$Q\ HOHFWULFDOO\ FKDUJHGSDUWLFOHZKLFK LV UDSLGO\GHFHOHUDWHG HPLWV [UD\V
$Q[UD\WXEHH[LVWVRIWZRHOHFWURGHV2YHUWKHHOHFWURGHVDKLJKYROWDJHLV
PDLQWDLQHG DFFHOHUDWLQJ WKH HOHFWURQV IURP WKH FDWKRGH WR WKH DQRGH 7KH
KLJKHQHUJ\HOHFWURQVLPSDFWRQWKHDQRGHGHFHOHUDWLQJYHU\UDSLGO\KHUHE\
UDGLDWLQJ [UD\V LQ DOO GLUHFWLRQV 7KH UHVXOWLQJ VSHFWUXP RI WKHVH [UD\V
VKRZQ LQ ILJXUH LV LQGHSHQGHQWRI WKHXVHGDQRGHPDWHULDO LQ WKH WXEH
IRUORZDFFHOHUDWLQJYROWDJHV
7KH LQWHQVLW\ LV ]HUR XS WR D FHUWDLQZDYHOHQJWK GLUHFWO\ FRUUHODWHG WR WKH
DFFHOHUDWLQJYROWDJHLQFUHDVLQJUDSLGO\WRDPD[LPXPDQGDJDLQGHFUHDVLQJ
ZLWKQR VKDUS OLPLWRQ WKH ORQJZDYHOHQJWK VLGH5DGLDWLRQ UHSUHVHQWHGE\
VXFK FXUYHV LV FDOOHG%UHPVVWUDKOXQJ IURP WKHGHFHOHUDWLRQRI WKH FKDUJHG
SDUWLFOHV ,QFUHDVLQJ WKH DFFHOHUDWLQJ YROWDJH RI WKH HOHFWURQV UHVXOWV LQ WKH
HPLVVLRQRIFKDUDFWHULVWLFUDGLDWLRQRI WKH WDUJHWPDWHULDO7KLV LVDUHVXOWRI
WKH KLJK HQHUJ\ HOHFWURQV LPSLQJLQJ RQ WKH PDWHULDO GLVSODFLQJ HOHFWURQV
IURPLWVVKHOODURXQGWKHQXFOHXV:KHQDQHOHFWURQIURPDKLJKHUVKHOOILOOV
XS WKHYDFDQW VWDWH OHIW E\ WKHGLVSODFHG HOHFWURQ LW LV DFFRPSDQLHGE\ WKH
HPLVVLRQ RI DQ [UD\ SKRWRQ ZLWK DQ HQHUJ\ FKDUDFWHULVWLF IRU WKH DWRP
 &+$37(5
ILJXUH &KDUDFWHULVWLF VSHFWUXP RI DQ [UD\ WXEH 7KH WRWDO RXWSXW LV GHSLFWHG DV D






























LQYROYHG DV LV GHSLFWHG LQ ILJXUH  7KHVH OLQHV IDOO LQWR VHYHUDO VHWV
UHIHUUHG WRDV./0HWFZLWKHDFK OLQHKDYLQJ LWVRZQFULWLFDO H[FLWDWLRQ
YROWDJH )RU [UD\ GLIIUDFWLRQ FRPPRQO\ .α UDGLDWLRQ LV XVHG 7R REWDLQ
FKDUDFWHULVWLF UDGLDWLRQ IURP WKH WDUJHW PDWHULDO WKH DSSOLHG DFFHOHUDWLQJ
YROWDJHKDVWREHDWOHDVWHTXDOWRWKHH[FLWDWLRQHQHUJ\7KHLQWHQVLW\RIWKH
UDGLDWLRQLQFUHDVHVZLWKWKHDSSOLHGYROWDJHDFFRUGLQJWR
, = $L(9 − 9N)
ZLWK L WKH WXEH FXUUHQW 9 WKH DSSOLHG YROWDJH 9N WKH FULWLFDO H[FLWDWLRQ
SRWHQWLDODQG$DFRQVWDQW7KHLQWHQVLW\RID.αOLQHRIDQ[UD\WXEHZLWKD
FRSSHU WDUJHW RSHUDWLQJ DW  N9 LV DERXW  WLPHV WKH LQWHQVLW\ RI WKH
FRQWLQXRXVVSHFWUXPDWWKHVDPHZDYHOHQJWK
 ,QWHUDFWLRQRI[UD\VZLWKPDWWHU
7KH HOHFWURPDJQHWLF EHKDYLRXU RI [UD\V FDXVHV WKHP WR LQWHUDFW ZLWK DQ\
FKDUJHGSDUWLFOH:KHQIRUH[DPSOHDQ[UD\EHDPHQFRXQWHUVDQHOHFWURQ



































PRWLRQ DERXW LWV PHDQ SRVLWLRQ ’XH WR DFFHOHUDWLRQ DQG GHFHOHUDWLRQ WKH
HOHFWURQZLOOHPLWDQHOHFWURPDJQHWLFZDYH$QHOHFWURQ LV WKHUHIRUHVDLG WR
VFDWWHUDQ[UD\EHDPZKHUHWKHVFDWWHUHGEHDPLVWKHEHDPUDGLDWHGE\WKH
HOHFWURQXQGHU WKHDFWLRQRI WKH LQFLGHQWEHDP7KHVFDWWHUHGEHDPKDV WKH
VDPHZDYHOHQJWKRIWKHLQFLGHQWEHDPDQGLVUHIHUUHGWREHFRKHUHQWZLWKLW
VLQFH WKHUH LV DGHILQLWH UHODWLRQVKLSEHWZHHQ WKHSKDVHRI WKH LQFLGHQW DQG
VFDWWHUHGEHDPV














7KH QXFOHXV RI DQ DWRP DOVR EHDUV D FKDUJH DQG VKRXOG EH FDSDEOH RI





ZDYHV VFDWWHUHGE\ LWV FRPSRQHQW HOHFWURQV2QO\ LI WKH VFDWWHULQJ LV LQ WKH
IRUZDUGGLUHFWLRQ2θ=0WKHZDYHVVFDWWHUHGE\DOOWKHHOHFWURQVDUHLQSKDVH
DQGWKHDPSOLWXGHVFDQEHDGGHGGLUHFWO\)RURWKHUVFDWWHULQJGLUHFWLRQVWKLV








7KH VFDWWHULQJ RI [UD\V IRU ORRVHO\ ERXQGRXWHU HOHFWURQV LV GLIIHUHQW IURP
WKHVFDWWHULQJRI[UD\VE\WLJKWO\ERXQGLQQHUHOHFWURQV7KHRXWHUHOHFWURQV
 &+$37(5
VFDWWHU SDUW RI WKH LQFLGHQW EHDP DQG VOLJKWO\ LQFUHDVH LWVZDYHOHQJWK 7KH
LQQHU HOHFWURQV DUH VHW LQWR RVFLOODWLRQ DQG UDGLDWH [UD\V RI WKH VDPH
ZDYHOHQJWKDVWKDWRIWKHLQFLGHQWEHDP7KHIRUPHULVFDOOHGLQFRKHUHQWDQG
WKHODWWHUFRKHUHQWVFDWWHULQJ,IWKHDWRPVFDWWHULQJWKHLQFLGHQWEHDPLVSDUW
RI D ODUJH JURXS RI DWRPV DUUDQJHG LQ VSDFH LQ D UHJXODU SHULRGLF IDVKLRQ
WKHQ WKH FRKHUHQWO\ VFDWWHUHG UDGLDWLRQ IURP DOO WKH DWRPV XQGHUJRHV
UHLQIRUFHPHQW LQ FHUWDLQ GLUHFWLRQV DQG FDQFHOODWLRQ LQ RWKHU GLUHFWLRQV
SURGXFLQJGLIIUDFWHGEHDPV
,I WKH DWRPV DUH DUUDQJHG UHJXODUO\ DQG SHULRGLFDOO\ LW LV SRVVLEOH DQG
FRQYHQLHQW WR DVVLJQ D XQLW FHOO WR WKH VWUXFWXUH 7KH LQWHQVLW\ RI WKH EHDP
GLIIUDFWHG E\ D FU\VWDO LV GHVFULEHG E\ WKH ZD\ LQ ZKLFK WKH DWRPV DUH
DUUDQJHG ZLWKLQ WKLV XQLW FHOO 7KH SKDVH GLIIHUHQFH EHWZHHQ WKH ZDYH
VFDWWHUHGE\DQDWRPDWSRVLWLRQ%[\]DQGDQDWRP$DWWKHRULJLQLV
JLYHQE\
φ = pi(KX + NY + OZ)
LQZKLFKKNDQGODUHWKH0LOOHULQGLFHVIRUWKHJLYHQUHIOHFWLRQDQGXYDQG
























YDOXH IRU WKH ODWWLFH VSDFLQJ Gφψ ZLOO EH HVVHQWLDOO\ WKH VDPH IRU DQ\
SDUWLFXODUVHWRIODWWLFHSODQHV^KNO‘RIDQ\JUDLQZKLFKLVRULHQWHGVLPLODUO\WR
WKHVWUHVV0HDVXULQJWKHODWWLFHVSDFLQJVIRUGLIIHUHQWO\RULHQWHGJUDLQVZLOO
GHOLYHU D VHW RI GKNOYDOXHV DV D IXQFWLRQ RI WKH RULHQWDWLRQ RI WKH JUDLQV
PHDVXUHGDVGHSLFWHGLQILJXUH8VLQJWKHGHWHUPLQHGODWWLFHVSDFLQJVDV
D VWUDLQ JDXJH WKH LQWHUQDO RU H[WHUQDOO\ DSSOLHG VWUHVV FDQ EH GHWHUPLQHG
ZLWKLQWKHIUDPHZRUNRIOLQHDUHODVWLFLW\WKHRU\
,Q WKH IROORZLQJ UHODWLRQV EHWZHHQ WKH VWUHVV VWDWH LQ D VSHFLPHQ DQG WKH

















ZLWKG WKHPHDVXUHGGYDOXH IRUφψ=0 7UDQVIRUPDWLRQRI WKLV VWUDLQ IURP
WKH ODERUDWRU\ V\VWHP WR WKH VSHFLPHQ V\VWHP UHDGLO\ GHOLYHUV D UHODWLRQ
EHWZHHQPHDVXUHGVWUDLQDQGWKHVWUDLQFRPSRQHQWVLQWKHVSHFLPHQ

ε/φψ = εFRVφ VLQψ + εVLQ φ VLQψ
+εVLQ
φ VLQψ + εFRVψ












(σ + σ + σ)
+ + ν
(











ILJXUH ’HILQLWLRQ RI WKH DQJOHV φ DQGψ GHWHUPLQLQJ WKH RULHQWDWLRQ RI WKH VSHFLPHQ
IUDPHZLWKUHVSHFWWRWKHODERUDWRU\IUDPH
ZKHUH ( LV WKH <RXQJ










σFRVφ + σVLQφ VLQψ − ν((σ + σ)
:LWK WKLV UHODWLRQ WKH PDFURVFRSLF VWUHVV VWDWH RI WKH PDWHULDO FDQ EH
GHWHUPLQHG ,I ZH DVVXPH σ11=σ22=σφ DQG LI VWUHVVHV RQO\ DFWLQJ LQ WKH
φ−GLUHFWLRQDUHRILQWHUHVWHTXDWLRQPD\EHUHZULWWHQLQLWVFRQFLVHDQG
FRPPRQO\XVHGIRUP




,Q SUDFWLFH VWUHVVHV LQ PDWHULDOV DUH GHWHUPLQHG E\ PHDVXULQJ %UDJJ
UHIOHFWLRQV IRU VHYHUDO VSHFLPHQ RULHQWDWLRQV ψ 3URYLGHG WKDW WKH PDWHULDO
FRQVWDQWV DUH NQRZQ WKH VWUHVV σφ FDQ EH FDOFXODWHG IURP WKH JUDGLHQW RI
GHWHUPLQHG ODWWLFH VSDFLQJV Gφψ DV D IXQFWLRQ RI VSHFLPHQ RULHQWDWLRQ ψ
1HJOHFWLQJWKHVHFRQGSDUWRIHTXDWLRQGRHVQRWLQWURGXFHDQHUURULQWKH
GHWHUPLQDWLRQ RI YDOXHV IRU σφ VLQFH LW GRHV QRW H[KLELW ψGHSHQGHQFH
+RZHYHUDVHULRXVHUURULQWKHVWUHVVYDOXHVLVLQWURGXFHGE\XVLQJLQFRUUHFW
YDOXHV IRU WKH PDWHULDO FRQVWDQWV ( DQG ν $OWKRXJK LQ OLWHUDWXUH WKH
PDFURVFRSLFPDWHULDOFRQVWDQWVDUHFRPPRQO\XVHGWKHVHPDWHULDOFRQVWDQWV
PD\GHYLDWHIURPWKHSODQHVSHFLILF[UD\HODVWLFFRQVWDQWVIRUWKHLVRWURSLF



































































LQ ZKLFK 6LM/λ DUH WKH H[SUHVVLRQV RI WKH HODVWLF FRPSOLDQFHV LQ WKH
ODERUDWRU\V\VWHP
6LM/(λ) = DNDODLPDMQ6NOPQ
7KH DLM DUH WKHPDWUL[ HOHPHQWV RI WKH (XOHU WUDQVIRUPDWLRQ EHWZHHQ /L WKH
ODERUDWRU\ V\VWHP DQG .M WKH FU\VWDOOLWH FRRUGLQDWH V\VWHP 7KH\ DUH
LQGHSHQGHQW RIφ DQGψ EXW WKH\ GR GHSHQG RQλ 7KH6NOPQ DUH WKH HODVWLF
FRPSOLDQFHVRIDVLQJOHFU\VWDOOLWHDVH[SUHVVHGZLWKUHVSHFWWRWKHSULQFLSDO
FU\VWDO GLUHFWLRQV ,I WKHPDWHULDO XQGHU LQYHVWLJDWLRQ LV LVRWURSLF HTXDWLRQ
 VLPSOLILHV YHU\PXFKEHFDXVH I(λ) LV WKHQ DOZD\V HTXDO WR  )RU FXELF




6 = 6 + Γ6
6 = 6 − 6 − 6


6 = 6 − 6 − Γ6 Γ = K
N + NO + OK
K + N + O
7KH 9RLJW PRGHO LQ FRQWUDVW WR WKH 5HXVV PRGHO DVVXPHV WKDW LQ DOO WKH
FU\VWDOOLWHV WKH HODVWLF VWUDLQV DUH HTXDO >@ 7KLV OHDYHV WKH VWUHVV LQ HYHU\
FU\VWDOOLWHWREHGLIIHUHQW
σ LM(J) = &LMNO6(J)εNO
+HUH  DUH WKH HODVWLF FRQVWDQWV WUDQVIRUPHG IURP WKH FU\VWDO V\VWHP&LMNO6(J)
.V\VWHPWRWKHVDPSOHV\VWHP6V\VWHP$QDYHUDJHVWUHVVFDQEHGHILQHG
E\WKHLQWHJUDWLRQRYHUDOOJUDLQV
σ LM = ∫ σ LM(J)I(J)GJ
$QH[SUHVVLRQIRUWKHXQLIRUPVWUDLQFDQQRZEHGHULYHG
ε LM = ULMNO
9 σNO





5HXVV HODVWLF FRPSOLDQFHV E\ WKH HODVWLF FRPSOLDQFHV DFFRUGLQJ WR 9RLJW
































































(6 + 6 − 6 − 6 − 6)O
+

(6 + 6 − 6 − 6)O
ZLWKO FRVΦ DQGΦWKHDQJOHEHWZHHQWKH(0001)D[LVDQGWKHQRUPDOWRWKH




(& −& −& − & − &)
& + & + & + &










DQG PHDVXULQJ WKH HODVWLF UHVSRQVH RI SODQHV RI LQWHUHVW DV D IXQFWLRQ RI
FU\VWDOOLWH RULHQWDWLRQ >@ ([WHUQDO ORDGLQJ RI D VSHFLPHQ FDXVHV HTXDWLRQ
 WR WUDQVIRUP LQWR DQHZ IRUP LQZKLFK WKH DSSOLHG ORDG LVZLWKLQ WKH






KNO σφ,6 + σ$6  VLQψ + 6KNO σ,6 + σ,6 + σ$6 
 &+$37(5
7KH VXSHUVFULSWV ,6 DQG $6 VWDQG IRU LQWHUQDO VWUHVV DQG DSSOLHG VWUHVV
UHVSHFWLYHO\ 7R GHULYH WKH [UD\ HODVWLF FRQVWDQWV IURP WKLV UHODWLRQ WKH
UHVSRQVH RI WKH ODWWLFH VWUDLQV IRU DSSOLHG ORDGV DQG FU\VWDO RULHQWDWLRQV LV
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